Among all galactic microlensing events, those involving a passage of the observed source star over the caustic created by a binary lens are particularly useful in providing information about stellar atmospheres, the dynamics of stellar populations in our own and neighbouring galaxies, and the statistical properties of stellar and sub-stellar binaries. This paper presents a comprehensive guide for modelling and interpreting the lightcurves obtained in events involving fold-caustic crossings. A new general, consistent, and optimal choice of parameters provides a deep understanding of the involved features, avoids numerical difficulties and minimizes correlations between model parameters. While the photometric data of a microlensing event around a caustic crossing itself do not provide constraints on the characteristics of the underlying binary lens and does not allow predictions of the behaviour of other regions of the lightcurve, vital constraints can be obtained in an efficient way if these are combined with a few simple characteristics of data outside the caustic crossings. A corresponding algorithm containing some improvements over an earlier approach which takes into account multi-site observations is presented and discussed in detail together with the arising parameter constraints paying special attention to the role of source and background fluxes.
INTRODUCTION
The majority of the galactic microlensing events that have been detected or are currently detected are compatible with both the observed source star and the compact massive lens being approximated by point-like objects. However, about 8 per cent of the events involve peaks lasting from a few hours to a few days whose shape is characteristic for the source crossing a fold-caustic line which is created by a binary (or multiple) lens object. These fold-caustic crossing events provide valuable information about both the source star and the lens object not being extractable from 'ordinary' microlensing events.
Microlensing events compatible with a point-like source at distance DS and a point-like lens of mass M at distance DL involve only one parameter that is related to physical properties of lens or source and carries a dimension, namely the time-scale of motion tE = θE/µ, where µ denotes the proper motion of the source relative to the lens and θE is the angular Einstein radius, given by
The time-scale of motion tE is therefore a convolution of the lens mass M , the lens distance DL, and the proper motion µ, which cannot be measured individually, so that the power of ordinary microlensing events for the determination of the mass function and phase-space distribution of stellar populations in our own or neighbouring galaxies that have caused these events is severely limited (Mao & Paczynski 1996) . In contrast to this, the observed duration of a fold-caustic crossing t ⊥ ⋆ provides a second time-scale which is related to the angular size of the source star θ⋆. An estimate for θ⋆ can be obtained from spectral typing, so that t ⊥ ⋆ provides a lower limit to the proper motion µ by yielding its component µ ⊥ perpendicular to the caustic, and µ itself follows with a determination of the crossing angle φ from modelling the full observed lightcurve. The measurement of the relative proper motion between lens and source for a microlensing event toward the Small Magellanic Cloud (SMC) (Albrow et al. 1999a,c; Afonso et al. 2000 Afonso et al. , 1998 Rhie et al. 1999; Udalski et al. 1998; Alcock et al. 1999) indicated that the lens in located in the SMC rather than in the Galaxy, supporting the hypothesis that the majority microlensing events toward the SMC are due to self-lensing among its stellar populations.
In addition to providing a measurement of the proper motion µ, lightcurves around caustic crossings are particularly sensitive to effects caused by the parallactic motion of the Earth around the Sun or by the orbital motion of the binary lens. Observations of these effects and the determination of the corresponding parameters (e.g. Dominik 1998 ) together with the determination of the proper motion µ break the degenaracy between the lens mass M and its distance DL yielding measurements of the individual quantities (up c 0000 RAS to possible finite ambiguities). For source passing over a cusp, a point-like higher-order singularity, such a measurement has been reported by An et al. (2002) .
The characteristic and distinctive shape of the lightcurve around caustic crossings allows to obtain stronger constraints on the parameters of the binary lens than those resulting from binary lens events that show only weak deviations compared to single lenses. Therefore fold-caustic crossing events provide the main source of information about the statistical distributions of the properties of stellar and sub-stellar binaries such as the total mass, mass ratio, semimajor axis, or orbital period.
The most valuable results arising from caustic-crossing microlensing events so far have been on the study of stellar atmospheres. The strong differential magnification that arises as the source passes over the caustic allows to resolve surfaces of source stars at Galactic distances providing a powerful and unique technique to study stellar atmospheres of a variety of different types of stars thereby probing existing theoretical models (Schneider & Wagoner 1987; Rhie & Bennett 1999; Gaudi & Gould 1999) . Measurements of limb-darkening coefficients from binary lens microlensing events have been published for three K-giants (Albrow et al. 1999b (Albrow et al. , 2000 Fields et al. 2003) and one G/K-subgiant (Albrow et al. 2001a ) in the Galactic bulge as well as for an A-dwarf in the SMC (Afonso et al. 2000) , where the source sweeps over a cusp for two of these events. In addition to a dense photometric coverage during the course of a caustic crossing, the observation of several spectra provides a probe of the spatial distribution of chemical elements (Gaudi & Gould 1999) using the observed variation of related spectral lines as indicators. For a galactic bulge microlensing event in 2000, several low-resolution spectra have been taken with the FORS1 spectrograph at the VLT (ESO Paranal, Chile) showing a significant variation of the equivalent width of the Hα-line by Albrow et al. (2001b) , while two highresolution spectra have been taken at the Keck telescope (Mauna Kea, Hawaii, USA) by Castro et al. (2001) . In 2002, a dense sequence of high-resolution spectra has been obtained for another event with the UVES spectrograph at the VLT where significant equivalent-width variations in the most prominent lines Hα, Hβ, and Ca II have been detected (Beaulieu et al. 2003) .
In addition to the events already discussed in the literature, a dense high-precision photometric coverage of causticcrossing regions of several further microlensing events allowing the determination of limb-darkening coefficients has been obtained by PLANET 1 (Albrow et al. 1998; Dominik et al. 2002 ) during recent years, and additional data on caustic-crossing events have also been collected by other microlensing collaborations, namely EROS 2 (Afonso et al. 2003) , MACHO 3 (Alcock et al. 2000a,b,c) per year issued by MOA 9 , about 40 caustic-crossing events per year can be expected where a dense high-precision photometric coverage allowing the determination of limb-darkening coefficients should be feasible for 15-25 of these events and, depending on allocated resources, spectroscopic measurements should be feasible for a few events per year.
The aim of this paper is to provide a comprehensive guide for modelling and interpreting microlensing lightcurves near fold singularities which are produced by extended sources and binary lenses, and for finding all suitable models for microlensing events involving fold-caustic crossings. In addition, the derivation of physical properties of the lens and the source resulting from the modelling of such events is discussed. This paper outlines the underlying theory and sets the notation for upcoming analyses of observed data. A similar paper about cusp singularities including a comparison with the relations for folds as discussed in this paper is under preparation.
For lightcurves near a fold-caustic crossing, a new consistent, general, and optimal set of parameters which are directly related to observable features of the observed lightcurve is introduced. This choice not only leads to a better understanding of the features of the lightcurve by allowing an obvious interpretation in terms of corresponding properties of lens or source, but also minimizes correlations between the parameters. In addition, singularities in parameter space likely to cause numerical problems, e.g. when the source size tends to zero or the background flux assumes some special values (in particular for flux values arising from image-subtraction), are avoided.
Finding all suitable model parameters corresponding to lightcurves consistent with the observed data of a complex microlensing event is a non-trivial task due to the large number of parameters and intrinsic degeneracies and ambiguities between the physical properties of the source and the lens system (Dominik & Hirshfeld 1996; Mao & Di Stefano 1995; Dominik 1999a,b) . Since the lightcurve of sources in the vicinity of the fold is determined by local properties related to the fold singularity, limb-darkening measurements do not require the assessment of models for the complete lightcurve along with arising ambiguities and degeneracies. However, a model of the full lightcurve is needed for determining the proper motion µ, the time-scale of motion tE that carries information about lens mass M and distance DL, and the mass ratio q and the separation parameter d = θp/θE of the binary lens (where θp is the instantaneous angular separation between its components). Moreover, a dense coverage of the lightcurve during the caustic crossing and in particular target-of-opportunity observations of spectra yielding a powerful test of the atmosphere of the source star require some prior arrangements pushing the need for a prediction of caustic crossings. With the lightcurve near a caustic crossing being determined by local properties only, a prediction is possible with data taken on the rise to a caustic exit, while the data taken over previous caustic crossings itself does not provide any information, whereas the combination with previous data outside caustic crossings can yield some contraints (Albrow et al. 1999c; Jaroszyński & Mao 2001) .
In general, the correlations between model parameters are minimized by choosing parameters that correspond to observable characteristics of the observed lightcurve. For binary lens causticcrossing microlensing events, the caustic crossings themselves show some characteristic features. Restricting the full parameter space by modelling a caustic crossing and performing a search in the lower-dimensional subspace holding additional parameters necessary to describe the full lightcurve therefore constitutes an efficient method for modelling such events (Albrow et al. 1999c) . In this paper, an improved variant of this approach taking into account multi-site and/or multi-band observations is described and discussed in detail, and the relations between the caustic crossing model parameters, the properties of the binary lens, and observable characteristics of the full lightcurve such as the time-scale of motion or the source and background fluxes are investigated.
In Sect. 2, the basic theory of gravitational lensing is reviewed setting the basic notation used in this paper, while Sect. 3 gives a detailed discussion of the fold singularity and its properties. Sect. 4 investigates the magnification of star stars in the vicinity of fold caustics and Sect. 5 discusses the specific implications arising from limb darkening. Sect. 6 deals with lightcurves of source stars in a region close to a caustic crossing within a microlensing event and presents an adequate parametrization of such parts of lightcurves to be used for modelling observed data where the model parameters directly correspond to observable properties of the lightcurve and can be easily understood. The determination of a complete set of parameters characterizing the full lightcurve by making use of the parameters locally characterizing the caustic region forms the content of Sect. 7, where two version of the basic algorithm (differing in the consideration of the temporal variation of the magnification of non-critical images) are discussed, followed by discussions of constraints arising from non-negative background flux and from simple characteristics of the data outside the caustic-crossing region such as the baseline flux or the time-scale of motion. In Sect. 8, the predictive power of the data in the caustic crossing region and its combination with characteristics of data outside it with respect to the determination of the characteristics of the binary lens and the perspective for predicting future caustic crossings is discussed. Sect. 9 finally provides a summary of the paper and its results.
THE LENS MAPPING
Gravitational lensing is understood as the bending of light emitted by a source by the gravitational potential of intervening matter. Due to this effect, a source located at a position y on the sky (in arbitrarily scaled coordinates) will be observed at one or more image positions x (i) . Moreover, the brightness of the observed images differs from the intrinsic brightness of the source object. In general, a lens mapping can be described by the Fermat-Potential (Schneider 1985) corresponding to the arrival time of (hypothetical) light rays at the observer. Fermats principle determines the actual light rays to satisfy
which relates source and image positions by the lens equation
where
Let indices to Φ denote its n-th partial derivatives with respect to xi 1 . . . xi n , i k being the coordinate index of the k-th derivative, i.e.
and let ψi 1 ,...,in denote the corresponding derivatives of ψ. For (locally) continuous derivatives, the order of derivation and therefore the order of indices to Φ or ψ is irrelevant (Schwarz's theorem).
For the second derivatives of Φ, one obtains the relation
where δij denotes the Kronecker symbol
Eq. (7) implies that all derivates of y with respect to xi k can be expressed by means of the Fermat potential Φ and its derivatives.
In particular, the components of the Jacobian matrix J read
and its determinant becomes
The Jacobian determinant yields the (signed) magnification of an image at
and the total magnification A of a source at y is obtained by summing over the absolute values of the individual magnifications of its N images, i.e.
where x (i) and y satisfy the lens equation. The lens mapping becomes singular at points x (crit) in image space for which the Jacobian determinant vanishes (det J(x (crit) ) = 0) which themselves are called critical points. The set of critical points forms critical curves which are mapped onto the caustics by the lens equation. The number of images associated with a given source position changes (by multiples of two) with the source position if and only if the source crosses a caustic. Therefore, the caustics divide the two-dimensional space of source positions into regions with a fixed number of images, where a source is defined to be 'inside' a caustic if it belongs to the region with the larger number of images, and 'outside' the caustic otherwise. The singularities of the lens mapping can be categorized into different types showing their own specific characteristics.
THE FOLD SINGULARITY
The lowest-order singularity is the fold, for which the following conditions need to be fulfilled (Schneider & Weiß 1992 ):
• exactly one of the eigenvalues of the Jacobian matrix is zero, • the tangent vector of the critical curve is not an eigenvector of the Jacobian matrix belonging to eigenvalue zero.
For critical points, the eigenvalues of J are given by
The first condition for a fold then implies that Φ11 + Φ22 = 0. Normalized eigenvectors that correspond to these eigenvalues can be written in the form
,
with
The vanishing of the Jacobian determinant yields Φ11Φ22 = (Φ12) 2 0, so that |Φ11 + Φ22| = |Φ11| + |Φ22|. Let x f denote a point on the critical curve and y f = x f − α(x f ) denote the corresponding source coordinate on the fold caustic. The eigenvectors of J given by Eq. (14) then constitute a right-handed basis of a coordinate system defined by
so that θ is the orientation of the (x
2 )-coordinates with respect to the (x1, x2)-and (y1, y2)-coordinates, respectively. Since every multiple of an eigenvector is an eigenvector itself, −(e (1) , e (2) ) also constitutes a right-handed basis being related to (e (1) , e (2) ) by a 180
• -rotation, equivalent to replacing θ by π + θ. Eq. (17) implies that
The Jacobian matrices J in the (x1, x2)-coordinates and J' with Jij = ∂yi/∂xj and Jij = ∂y
so that J' becomes diagonal. In analogy to Eq. (6), let indices to Φ ′ denote derivatives with respect to x ′ i . The invariance of trace and determinant under the transformation given by Eq. (21) yields
In the chosen coordinates, the gradient of the Jacobian determinant reads
so that a tangent vector to the critical curve has to be proportional
T . Therefore, the conditions for a fold become (Schneider & Weiß 1992 ):
which guarantee that the gradient of the Jacobian determinant does not vanish. Taking into account these conditions and the specific choice of coordinates, the lens equation near a fold can be expanded as (Schneider et al. 1992, p. 183f.) 
Using this expansion, the Jacobian matrix near the fold reads
and to lowest order its determinant becomes
in accordance with Eq. (23), so that the condition
= 0. Together with Eqs. (24) and (25), this condition yields (to lowest order) the caustic as the parabola
For source positions perpendicular to the caustic (y (24) and (25) yield two images
for y ′ 2 > 0 which degenerate into a single (critical image) for y ′ 2 = 0, while there are no images for y ′ 2 < 0. It follows that the normal to the caustic pointing to the inside is in the positive y Eqs. (27) , (29), and (30) yield the magnification due to the critical images as
measures the strength of the strength of the fold caustic and can also be interpreted as a characteristic distance scale. The relation given by Eq. (20) implies that derivatives of the Fermat-potential Φ with respect to x ′ i and xi are related by
the first of the equations being equivalent with Eq. (21). Explicitly, the most relevant derivatives for a fold caustic read
MAGNIFICATION OF SOURCE STARS
The magnification of a point source in the vicinity of a fold caustic can be decomposed into the contributions by the two critical images and the remaining images, i.e.
If one neglects the curvature of the caustic and any changes of the lens properties in the direction perpendicular to it, Eq. (31) together with the relation det J = det J ′ yields the magnification for a point source at y due to the critical images as
where y ⊥ = (y − y f )·n f is the distance perpendicular to the caustic (c.f. Schneider & Weiß 1986 , p.186f., Albrow et al. 1999c . Let us consider a circular source star with radius ρ⋆. Its surface brightness in a specific wavelength is described by I λ (ρ) as a function of the dimensionless fractional radius 0 ρ 1, which is normalized to yield unity if integrated over the source, i.e.
For a specific filter [λ (s) ] with transmission B (s) (λ), the corresponding brightness profile reads
with the normalization
For the source being centered at y, one obtains the magnification by convolving Eq. (38) with the brightness profile
where G ⋆ f is a universal fold-caustic profile function depending on the brightness profile I 
The source is completely outside the caustic for η < 0, where G Compared to A p crit , the magnification due to the remaining, non-critical images is varying slowly in the vicinity of a caustic, so that it can be expanded as
It is assumed that (∇A) f = 0, which should be the case for all fold singularities for binary lenses.
10 Both A f and (∇A) f can be expressed by means of derivatives of the Fermat potential Φ evaluated at the M non-critical images x (i) of the source at y f . As outlined in detail by Witt & Mao (1995) , the lens equation for a binary lens can be written as 5th-order complex polynomial in z = x1 +i x2 which can be solved numerically for the the images
by standard root finding routines. While A f is simply given by
the gradient (∇A) f can be determined as follows.
For an image at x0 and the corresponding source at y 0 , derivatives with respect to the components of x and y are related by
so that (∇A) f reads
With
and
(∇A) f expressed by means of the derivatives of the Fermat potential Φ becomes
Due to symmetry, the magnification of an an extended circular source A other (y, ρ⋆; I 
LIMB DARKENING
It is well-established that stars show a decrease in surface brightness from their center to the limb, known as limb darkening. This decrease is wavelength-dependent and in general stronger for shorter wavelengths.
A frequently used class of models for the brightness profile I λ (ρ) of the stellar surface involves terms proportional to powers of cos ϑ = 1 − ρ 2 , where ϑ denotes the angle between the normal to the stellar surface and the direction to the observer. With
where I λ {p} (ρ) involves a term proportional to cos p ϑ, I λ (ρ) is in general a superposition of a constant term (p = 0) corresponding to uniform brightness and kI terms proportional to different powers pi > 0, i.e.
with kI coefficients Γ λ {p} . The stellar brightness profiles I λ {p} as a function of the fractional radius ρ for uniform brightness (p = 0), square-root (p = 1/2), linear (p = 1) and quadratic limb darkening are shown in Fig. 1 . In general, larger powers of p provide stronger limb darkening.
By inserting the brightness profile
For even p (including p = 0), the fold-caustic magnification function G ⋆ f,{p} can be expressed by means of the complete elliptical integrals of the first and second kind, K(x) and E(x), respectively (e.g. Gradshteyn & Ryzhik 1994) , while G ⋆ f,{p} becomes an analytical function for odd p. For uniformly bright sources (p = 0), one obtains
while for linear limb darkening (p = 1) the evaluation of Eq. (53) yields
The fold-caustic magnification functions G ⋆ f,{p} for uniformly bright sources (p = 0), square-root (p = 1/2), linear (p = 1) and quadratic limb darkening are shown in Fig. 2 . When the limb of the sources touches the caustic from the outside (η = 0), there is a slope discontinuity for p = 0, while all brightness profiles with p > 0 produce a vanishing slope. As the source enters the caustic, the magnification rises to a peak and thereafter falls asymptotically with the inverse square root of its perpendicular distance to the caustic. The position of the peak depends on the brightness profile and occurs for the source center being inside the caustic.
⋆ . Let 0 < φ < π denote the angle from the caustic tangent to the source trajectory, and tE > 0 denote the timespan in which the source moves by a unit distance. Therefore, during the time t ⊥ E = tE/(sin φ), the source moves by a unit distance perpendicular to the caustic, and t ⊥ ⋆ = ρ⋆ t ⊥ E , so that c 0000 RAS, MNRAS 000, 000-000 
, and quadratic (p = 2) limb darkening.
Witht denoting an arbitrarily chosen unit time, and
a characteristic caustic rise time, one can define a caustic rise parameter
With these definitions, Eq. (42) yields the magnification due to the critical images as
The singularity in this expression for t ⊥ ⋆ = 0 (point source) can be avoided by defining a function
Consider n lightcurves being observed and let F Let us define
and the flux at time t
Using the above definitions, the total flux F region where the source is located inside the caustic and can be fairly approximated by a point source and the rate of change of fluẋ
r , which should yield the same result for any chosen lightcurve.
In the absence of blending, F 
In this case, modelling the lightcurve to the observed data involves 4 + n independent parameters, which can be chosen as t
While in the case of difference-imaging, the blend flux F 
which corresponds to the lightcurve involving the smallest blend ratio.
f as defined by Eq. (65), the total flux for the s-th lightcurve reads
With the corresponding magnitude being defined as
where, in analogy to F
denotes the magnitude at time t ⋆ f , the magnitude near a fold-caustic crossing takes the form
andω ⋆ f in the absence of blending.
FULL LIGHTCURVE AND BINARY LENS MODEL

Constraining the parameter space
For a galactic microlensing event involving an extended source at the distance DS and a binary lens with total mass M at the distance DL, let us choose the angular Einstein radius θE, defined by Eq. (1), as the unitlength of our coordinates (x1, x2) and (y1, y2). Usually, the resulting lightcurve is characterized by the 7 + 2n model parameters (d, q, u0, α, t0, tE, ρ⋆, F (s) S , F
B ) being described in the following. The binary lens itself is characterized by the angular separation of its components θp = d θE and their mass ratio q. The location of the trajectory of the source relative to the lens is described by the closest angular separation u0 θE between source and center of mass of the lens system and the orientation angle α relative to the line connecting the two lens components. The closest approach takes place at time t0 and within the timespan tE the source moves by θE relative to the lens on the sky. The angular radius of the source is ρ⋆ θE, and as defined in Sect. 6, F denote the source and background fluxes, respectively.
As pointed out by Dominik (1999b) , strong correlations yielding parameter degeneracies exist for the parameter pair (d, q). These problems can be avoided by instead using the parameter pair (γ, q) for wide binary lenses, where γ denotes the shear and the mass ratio q measures the deviation from a Chang-Refsdal lens, or the parameter pair (Q, q) for close binary lenses whereQ denotes the absolute value of the eigenvalue of the quadrupole moment and the mass ratio q measures the deviation from a quadrupole lens. Any (d, q) in the following text may also read (γ, q) or (Q, q).
The caustic crossing is characterized by 3 + 2n parameters
,ω ⋆ f ) (or 2 + 2n parameters if one disregards the parameterω ⋆ f describing the variation of the magnification due to non-critical images with time)
11 , so that, from a comparison of the number of parameters, it can be seen immediately that the data over the caustic crossing cannot provide an unique model for the full lightcurve of the event. Instead, it is insensitive to the choice of the caustic crossing angle φ and the caustic rise parameter ζ f , as well as to the caustic strength R f and the magnification at the beginning of the caustic entry or the end of the caustic exit A ⋆ f , the last two parameters given by the choice of the singularity y f for a specific binary lens characterized by (d, q). In particular, modelling the caustic crossing data does not provide measurements of the time-scale tE, the source and blend fluxes F B , the source size parameter ρ⋆, nor of the characteristics of the binary lens, namely the separation parameter d and the mass ratio q.
As will be discussed later in this section, some relations between and restrictions on these parameters however exist. In particular, the different rise fluxes F base , or blend ratios g (s) are taken into account. However, with a determination of the angular radius of the source θ⋆ from e.g. spectral typing, the caustic crossing data yield the proper motion µ ⊥ perpendicular to the caustic with t ⊥ ⋆ as
whereas the measurement of the full proper motion µ involves the determination of the caustic crossing angle φ 11 While the inclusion ofω ⋆ f as a model parameter yields more adequate estimates parameters, its value itself is rather uncertain and unreliable. The use of constraints arising from a measurement ofω ⋆ f is discussed later in the text.
so that the caustic crossing data only yield a lower limit. As pointed out by Albrow et al. (1999c) , rather than using the standard parameter set, the suitable binary lens models can efficiently be found by using the constraints arising from modelling the data around the caustic crossing. This means that the full parameter space is split into a subspace for the caustic crossing parameters and a subspace for remaining parameters necessary to uniquely determine the full model. The caustic crossing parameters are quickly determined by modelling the data during the caustic crossing, and the search for the binary lens parameters reduces to a search in the remaining latter subspace. This search can be performed by creating a suitable parameter grid and to assess the goodness-of-fit of the arising trial models to the data. For promising regions of the parameter grid, the grid may be refined in order to succeed towards optimal models and/or the trial models can be used as initial guesses for fits in the full parameter space. In the following, two versions of the parameter search are subsequently discussed, differing in using the value ofω ⋆ f or not. In the first case, the 2 + 2n-dimensional subspace (t
Parameter search disregardingω ⋆ f
A convenient choice of the five remaining parameters to characterize the full lightcurve is (d, q, ℓ, φ, ζ f ), where the parameter ℓ stands for the path along the caustic created by the binary lens with parameters (d, q) corresponding to the location of the point y f , where the source center crosses.
For a given fold singularity at y f , the local characteristics R f , n f , A f and (∇A) f are functions of derivatives of the Fermat potential of the lens mapping at the critical image x f or the non-critical images x (i) which are given by Eqs. (32), (14), 12 (45), and (50), respectively. In principle, the binary lens model yields A other (t) for any source trajectory and source size. However, as pointed out in Sect. 4, within the validity of the approximation given by Eq. (63), A other (t) = A ⋆ as discussed in the next subsection. Regardless of the caustic crossing angle φ, the choice of ζ f dictates the values of all source fluxes F 
while the source size parameter follows from these parameters together with t
12 n f = e (2)
Together with the conditions F 
From these equations and the definition of F B of all n lightcurves follow as
while the baseline fluxes F
base and the blend ratios g (s) are determined as
base and g (s) depend on no other parame- only. The choice of the caustic crossing angle φ determines the time t⋆ = tE ρ⋆ in which the source moves by its angular radius θ⋆ together with the fold-caustic model parameter t
For given (d, q, ℓ) determining y f and n f , φ fixes the location of the source trajectory determining the parameter u0.
The time-scale of motion tE = t ⊥ E sin φ t ⊥ E depends both on ζ f and φ, and with R f reads
Finally, t0 is determined by t f = t ⋆ f ± t ⊥ ⋆ , the location of the source trajectory given by y f , n f and φ, and tE depending on ζ f , φ and R f . Table 1 summarizes the dependencies of the quantities characterizing the microlensing event, namely the proper motion µ and the time-scale of motion tE as well as their transverse components µ ⊥ and t ⊥ E , the time t⋆ in which the sources moves by its angular radius θ⋆ relative to the lens, the source size parameter ρ⋆ = θ⋆/θE = t⋆/tE, and the source and background fluxes F 
, the parameters of the singularity (R f , n f , A f , (∇A) f ), and the adopted caustic crossing angle φ and caustic rise parameter ζ f .
Parameter search usingω ⋆ f
As an alternative to expanding A p other (t) which is assumed to vary slowly during the progress of the caustic crossing around t ⋆ f , it may also be approximated by a linear expansion around t f which reads
where . Definition of the angles φ, Γ f , and Γt which describe the relative orientation between the source trajectory characterized by ±ẏ f , the caustic characterized by its inside-pointing normal n f , and the gradient of the magnification (∇A) f of the non-critical images at the caustic-crossing point y f . Regions marked for source trajectory matching the indicated conditions: sin φ > 0 (0 < φ < π) follows from the requirement that ±ẏ f points inside, while the condition ζ f > 0 requires either cos Γt > 0
where Γt denotes the angle measured from ±ẏ f to (∇A) f . As a function of the angle 0 Γ f < 2π measured from the caustic normal n f to (∇A) f , which is determined by the properties of the lens mapping at y f alone, and the caustic crossing angle 0 < φ < π, Γt reads
forcing − π 2
Γt < 3 π 2 ⋆ f = 0, so that, together with the condition 0 < φ < π, Γt is restricted to the ranges − π 2 
, the parameters of the singularity (R f , n f , A f , (∇A) f ), and the adopted caustic crossing angle φ and caustic rise parameter ζ f . caustic crossing caustic parameter crossing singularity angle rise other
The choice of a binary lens (d, q) and of the singularity at y f characterized by ℓ yields R f , n f , A f , and (∇A) f . If one disregardsω ⋆ f , A ⋆ f = A f and the value of (∇A) f is redundant, whereas otherwise A ⋆ ⋆ f (φ) = 0 for sin Γ f = 0, ζ f is unconstrained in this case.
With ζ f depending on φ as described by Eq. (96), the timescale of transverse motion t ⊥ E and the source size parameter ρ⋆ = t
(100) and
respectively, where
Except for Γ f = 0 or Γ f = π (i.e. sin Γ f = 0), for which both t ⊥ E and ρ⋆ do not vary with φ, t ⊥ E decreases strictly monotonically with φ for 0 < φ < φ0, reaches zero for φ = φ0 and increases strictly monotically for φ0 < φ < π, whereas ρ⋆ being inverse proportional to t ⊥ E therefore increases strictly monotonically for 0 < φ < φ0, tends to infinity for φ → φ0, and decreases strictly monotonically for φ0 < φ < π. For φ → 0 or φ → π, tE → ∞, whereas ρ⋆ → 0.
The time-scale of motion tE can also be written as function of φ reading
with t E,ref as defined by Eq. (102), so that tE reaches a maximum within the allowed range 0 < φ < φ0 < π (forω
, and approaches zero for 
1/3 for Γ f = 0, π/32, π/16, π/8, π/4, π/2, 3π/4, π, and 3π/2. Since ζ f > 0 is required, φ is restricted to the range
is the caustic crossing angle forω ⋆ f = 0. Therefore, according to the sign ofω ⋆ f , only a part of the shown curves corresponds to the allowed range, where
, while ζ f may assume any non-negative value in this case.
φ → 0, φ → φ0, or φ → π. Antiparallel orientations of the gradient of the magnification of the non-critical images relative to the caustic normal for which Γ f differs by (an odd multiple of) π yield identical values for t 1 for either sufficiently large or small t. For the region containing data near the caustic crossing and at least during the caustic crossing itself, one should require A p other (t) > 1. This condition yields the constraint Figure 6 . The dependence of the time-scale of transverse motion t ⊥ E and the source size parameter ρ⋆ = θ⋆/θ E = t ⊥ ⋆ /t ⊥ E on the caustic crossing angle φ. The upper panel shows curves for (102) and (103), respectively. The caustic crossing angle is restricted to the range 0
Figure 7. The time-scale of motion t E as a function of the caustic crossing angle φ for different selected angles Γ f between caustic normal n f and gradient of the magnification (∇A) f of the non-critical images at the caustic-crossing point y f . The curves show
π/32, π/16, π/8, π/4, π/2, 3π/4, π, and 3π/2. The caustic crossing angle φ is restricted by the condition ζ f > 0 to the range 0
f (when the leading limb of the source enters or its trailing limb exits the caustic) to fulfill F
0, whereas at least one of the conditions F B implies the fluxes at time t f (when the source center crosses the caustic) to be restricted to
⋆ > 0 needs to be fulfilled, posing a further restriction in the caseω ⋆ f < 0. The lower limit on ζ f given by Eq. (110) implies a lower limit to the time-scale of perpendicular motion
and an upper limit to the source size parameter
while the ranges of the fluxes and blend ratios are restricted to
where the equality holds for the lightcurve smin involving the minimal valueĝ
,r . When the value ofω ⋆ f is taken into account, the lower limit on ζ f due to non-negative backgrounds, Eq. (110), puts a stronger constraint on the caustic crossing angle φ than the limit φ0 which corresponds to the condition ζ f > 0. With
corresponding to ζ f,B , φ is limited to the range 0 < φ0 < φB φ < π forω
Constraints from data outside the caustic-crossing region
The tails of the lightcurve of a binary lens microlensing event approach those of a single lens event. From data taken in the corresponding regions (far outside the caustic crossings), the baseline fluxes F (s) base are easily determined while data of better quality will allow to determine the time-scale of motion tE and the blend ratios g (s) , yielding measurements of the source fluxes F
S and the background fluxes F (s) B . As will be pointed out later, measurements of these parameters are vital for constraining the mass ratio q and the angular separation d θE of the binary lens and for predicting other caustic crossings.
If source flux
is known for (at least) one site k, the caustic rise parameter ζ f is determined as
while it follows from the background flux F
The conditions
and F 
while Eqs. (80) and (81) , and F
By means of Eqs. (119) to (122), A f can be determined if two of the parameters F k) are known for the same lightcurve, which is already the case if two of these parameters are known for different lightcurve.
Similar to the fluxes, the blend ratios g (s) for all sites can be deduced from the value for any site g (k) as
but in contrast, this relation involves the parameter A f , so that the measurement of two different blend ratios
yields not only ζ f as a function of A f , but also
itself. The condition g (k) = g (l) ensures that the denominator does not vanish. For F
, making the measurement of g (l) redundant for obtaining A f in this case.
For a given (d, q, ℓ), the determination of ζ f not only yields all fluxes and blend ratios, but also the source size parameter ρ⋆ and the time-scale of perpendicular motion t ⊥ E . Ifω ⋆ f is disregarded, the parameter search reduces to the four-dimensional subspace (d, q, ℓ, φ) . Otherwise, with a measuredω ⋆ f , ζ f determines φ with R f , n f and (∇A) f , so that the proper motion µ, the time t⋆ in which the source moves by its angular radius, the time-scale of motion tE, and the whole lightcurve are defined, while the search of parameters is reduced to the three-dimensional subspace (d, q, ℓ) .
A configuration (d, q, ℓ) can be discarded if A f does not match the value determined from a measurement of two fluxes or two different blend ratios or from a flux and a blend ratio.
A measurement of the time-scale of motion tE yields a relation between the caustic crossing angle φ and the caustic rise parameter ζ f , depending on R f defined by (d, q, ℓ) and the fold-caustic model parameter t f , thereby reducing the number of free parameters by one.
The position of another caustic crossing provides a relation between tE and φ which also implies a relation between ζ f and φ with R f . Since each of the measurements ofω ⋆ f , tE, and the position of another caustic crossing provide a relation between ζ f and φ depending on R f , n f and (∇A) f , and a measurement of one of the fluxes
base or a blend ratio g (k) yields ζ f , both ζ f and φ are determined and the space of free parameters reduces to the three-dimensional space (d, q, ℓ) with two of these parameters being determined, while the determination of more than two of these parameters yields constraints for (d, q, ℓ) which characterize the binary lens model and the position of the singularity on the caustic. With the restriction of non-negative background fluxes F (s) B 0 and ζ f being determined, Eq. (110) yields a limit
which puts a restriction on the choice of the binary lens and fold singularity parameters (d, q, ℓ) for a given caustic crossing angle φ.
The arising constraints for (d, q, ℓ) and the power of the prediction of other caustic crossings are further discussed in the following section.
PREDICTIVE POWER
A dense photometric sampling of binary lens microlensing events that involve fold-caustic crossings provides opportunities for resolving the stellar atmosphere of the source star yielding measurements of limb-darkening coefficients, for measuring the proper motion µ of the source relative to the lens, and for obtaining the physical properties of the lens system such as the total mass, mass ratio, semimajor axis, and orbital period. From all lens properties, only the mass ratio q and the separation parameter d = θp/θE are observable in the lightcurve, whereas the lens mass M and the distance DL are convolved into the time-scale of motion tE which however can be disentangled from an assessment of effects in the lightcurve caused by the parallactic motion. The meaurement of semimajor axis and orbital period is hampered by the fact that the lightcurve depends on the instantaneous angular separation only (except for some small effects caused by orbital motion) leaving inclination and eccentricity of the binary system unconstrained, so that these quantities can only be assessed statistically.
The determination of the local properties of the lens mapping near the fold singularity parametrized as described in Sect. 6 allows to study the atmosphere of the observed source star and to obtain a lower limit on its proper motion µ relative to the caustic (i.e. relative to the lens system approximately), namely its component µ ⊥ perpendicular to the caustic.
A powerful test of stellar atmosphere models requires a dense coverage of the lightcurve during the caustic crossing (e.g. Rhie & Bennett 1999) . In order to be able to schedule the necessary observations, including taking some high-resolution spectra which will provide a deep probe of the chemical composition of the source star by means of observable variations in associated spectral lines, caustic need to be predicted some time ahead. Unless the source trajectory approaches a cusp, fold-caustic crossings appair in pairs, comprised of a caustic entry and a subsequent caustic exit. Caustic entries are practically unpredictable before they actually occur, so that their beginning phase can only be caught by chance and immediate action has to be taken to follow the lightcurve over the caustic entry. Since the behaviour of the lightcurve around a caustic crossing depends on local properties only, the data taken dur-ing the caustic entry contains practically no information about the following caustic exit (c.f. Albrow et al. 1999c; Jaroszyński & Mao 2001) . However, caustic exits can be predicted using the data on the rise to the caustic crossing peak. Once such a rise has progressed, the parameters t The data taken near the caustic crossing also neither provide constraints on the mass ratio q and the angular separation parameter d = θp/θE which characterize the binary lens nor on the location of the fold singularity y f on the corresponding caustic described by the parameter ℓ. The parameters (d, q, ℓ) are related to the foldcaustic model parameters by means of the local properties R f , n f , A f and (∇A) f which are not observables themselves but affect the lightcurve through convolutions with the source size parameter ρ⋆ and the source and background fluxes F B . Together with R f , ζ f yields the source size parameter ρ⋆ = θ⋆/θE and the time-scale of transverse motion t ⊥ E , while the time-scale of motion tE also depends on φ.
Since the observed caustic-crossing time t ⊥ ⋆ is the product of the transverse time-scale of motion t ⊥ E = tE/ sin φ and the source size parameter ρ⋆, smaller sources with smaller transverse proper motion or larger sources with larger transverse proper motion can yield the same lightcurve. Moreover, the insensitivity to the crossing angle means that the same transverse proper motion can be achieved for any angle by a corresponding choice of the full proper motion.
While the determination of the model parameters for the lightcurve near the caustic crossing alone cannot yield any predictions for its remaining parts, the combination with a few simple characteristics of the data outside the caustic-crossing region however provides some vital constraints.
Restrictions of the parameters (d, q, ℓ) can arise from independent measurements of (combinations of) the local properties R f , n f , A f or (∇A) f . As pointed out in Sect. 7.5, measurements of one baseline flux F (k) base and the blend ratio g (k) or of two blend ratios g (k) and g (l) yield A f , 14 while measurements ofω
base , and the time-scale of motion tE provide a relation between R f , A f n f , and (∇A) f .
For fixed fold-caustic parameters (t
, the full lightcurve is defined with the choice of (d, q, ℓ, ζ f , φ), so that all of its features such as the position, duration and peak flux of
is easily obtained as observable of the lightcurve, while g (k) is also determined with F other caustic crossings or other types of peaks, and the time-scale of motion tE are determined.
By requiring a match of the model lightcurve with the observed data, the determination of ζ f and φ or the provision of a relation between these parameters together with limits, arising from the appropriate sign ofȦ ⋆ f (that allows to fulfill ζ f > 0 with the sign of ω ⋆ f ) or the restriction to positive background fluxes, therefore yields restrictions for the choice of (d, q, ℓ). Alternatively, the restrictions on (d, q, ℓ, ζ f , φ) constrain the behaviour of the lightcurve outside the caustic-crossing region, so that in particular limits on the position, duration, and peak flux of other caustic crossings arise. Due to intrinsic ambiguities for binary lens models (Dominik 1999a,b) , a unique solution however cannot be expected and different scenarios will be possible.
A relation between ζ f and φ is provided by a measurement of ω ⋆ f (which also yields an upper limit on tE) or of tE, and together with a measurement of a baseline flux F (k) base , ζ f and φ are determined for given (d, q, ℓ) . Determiningω ⋆ f and tE fixes ζ f and φ with R f , n f , and (∇A) f . If a baseline flux F (k) base is known in addition, a relation between R f , n f , A f , and (∇A) f results.
The observed position of another caustic crossing provides a relation between tE and φ which implies a relation between ζ f and φ with R f . Combining this information with measurements of one of the parametersω ⋆ f , tE or a baseline flux F (k) base fixes ζ f and φ, while a combination with more than one of these parameters also yields relations between R f , n f , A f , and (∇A) f , thereby restricting (d, q, ℓ). Other features of the additional caustic crossing such as its duration, its peak flux, or the flux and rate of change of flux at the limb of the source entering or exiting the caustic, yield additional restrictions which can become quite powerful (c.f. An et al. 2002) .
If ζ f is determined, the requirement of non-negative background flux F (s) B 0 constrains A f , so that the choice of (d, q, ℓ) is restricted if φ is determined in addition.
For a worked example, some considerations about the power of different characteristics of the photometric data outside the caustic-crossing region for determining the lens properties and predicting other caustic crossings have been made by Albrow et al. (1999c) .
SUMMARY
Dense high-precision photometric sampling of microlensing lightcurves during fold-caustic crossings can provide both a measurement of the proper motion µ between lens and source star and a probe of the stellar atmosphere of the source star, e.g. parametrized by limb-darkening coefficients, allowing to test existing theoretical models. With the capabilities of existing microlensing campaigns, around 25 measurements of limb-darkening coefficients per year on different types of galactic stars are possible, while proper motions may be determined for up to 40 events per year.
While the duration of the caustic crossing t ⊥ ⋆ obtained from modelling the data in the caustic-crossing region and of the angular size of the source θ⋆, which can be obtained by spectral typing, directly yield the proper motion µ ⊥ = θ⋆/t ⊥ ⋆ of the source perpendicular to the caustic, the full proper motion µ = µ ⊥ / sin φ only follows with a determination of the caustic crossing angle φ from a model of the full lightcurve.
During fold-caustic crossings, the microlensing lightcurve shows an increased sensitivity to the parallactic motion of the Earth around the Sun and to the orbital motion of the binary lens whose measurement breaks the degeneracy that remains between lens mass M and distance DL after determination of the proper motion µ (Dominik 1998; An et al. 2002) . Therefore, microlensing events that involve caustic crossings are primary objects for determining the mass function and the phase-space distribution of stellar populations whose constituents act as gravitational microlenses.
Moreover, the prominent feature of caustic-crossing peaks allows a proper determination of binary lens parameters and with the possibility to measure µ, M and DL individually, a reasonable opportunity is provided for obtaining statistical distributions of properties of stellar and sub-stellar binaries such as their mass, mass ratio, semimajor axis, and orbital period.
For a given distribution of lens masses, the lens mapping maps the position of an observed image of a source star to its true position. While there is a unique true source position for any observed image, a source may have several images. While the lens mapping is regular (i.e. its Jacobian determinant does not vanish), it can be locally inverted, so that the number of images only changes if the source reaches a singular point of the lens mapping. The lowestorder singularities are folds which form closed curves called critical curves in the space of image positions and caustics in the space of true source positions. When a point source crosses a fold caustic from the 'inside' to the 'outside', the magnification of two of its images diverges with the inverse square-root of the distance perpendicular to the caustic, where these two images become critical, while they disappear just as the source exits the caustic. The fold caustic is characterized by the single parameter R f decribing its strength, i.e. a proportionality factor between the magnification and the inverse square-root of the perpendicular source-caustic distance.
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